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Wheeler-Dewitt equation for the wave function of the universe appeared long ago in an approach
to quantization of gravity. Presently, the universe considered as the microuniverse, very tiny universe
compared to the outer universe to which it belongs. This tiny universe is, thus, supposed to be the
subatomic particle (elementary particle) in the universe we live in. It is possible here to convert the
wave function of this microuniverse satisfying Wheeler-Dewitt equation into the wave function of
the quantum (subatomic) particle, which is shown to satisfy Schro¨dinger equation. The inverse of
the length scale indicating smallness of the particle appears in the Schro¨dinger equation being the
mass of the particle. Thus, the subatomic particles are shown here to be the quantum universes.
PACS numbers: 04.40.Nr, 04.20.Jb, 04.20.Dw
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1. INTRODUCTION
In quantum theoretical approach on universe, the
quantum dynamics depends on Hamiltonian H and,
quantization of the constraint equation on the Hamil-
tonian leads to the Wheeler-Dewitt (WDW) equation for
the quantum state ψ, the wave function of the universe.
After its inception in 1967 in the article by Bryce Dewitt
[1], renewed attention was started in 1983 with the im-
portant article [2] by Hartle and Hawking. Since then, it
remains as an alternative approach for quantum gravity.
Although, it is well known that this quantum gravita-
tional approach through WDW equation suffers short-
comings such as the ’problem of time’; consequent at-
tempts have been made to resolve these issues [see for
example [3] and references theorem]. We shall not at-
tend these issues here. On the other hand, we shall re-
gard the physical variable appearing in the quantization
of constraint equation as the time variable explicitly in
the wave function of the universe. In fact, it will presently
be considered the possibility of the quantum state of uni-
verse generated by the quantum gravitational approach
on tiny universe to be regarded as the wave function of
the subatomic particle within the much bigger universe,
such as, the universe we live in. For this purpose, we shall
follow the time reparametrization method [4] to arrive at
the constraint equation which on quantization gives rise
to WDW equation for the wave function of the universe.
This method is, in fact, similar to Dirac’s approach [5]
to obtain the Schro¨dinger equation which is the WDW
equation, as the operator equation on the wave func-
tion. This paper is organized as follows.In section II,
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we shall introduce minisuperspaces for Finslerian back-
ground spacetimes of universebased on a single degree
of freedom, the scale factor. In fact, we shall consider
two Finslerian structures, one of which is the Finslerian
perturbation of spatially flat FLRW universe. In sec-
tion III, gravitational field equations for these spacetimes
have been presented and, classical Hamiltonians are con-
structed for these cases. In the subsequent section IV ,
constraint equations have obtained and the WDW equa-
tions for the wave functions of the universes have been
found. In the final section V, Schro¨dinger equations for
the wave functions of the subatomic particles have been
constructed. Finally, we make some concluding remarks
in section VI. We shall use Planck units ~ = G = c = 1.
2. FINSLERIAN BACKGROUND SPACETIMES
OF UNIVERSE
Before introducing Finslearian structure F for the
background spacetimes of universes we make some dis-
cussion on Finsler space. In 1854, Riemann [6] suggested
that the positive nth root of a nth order differential form
might serve as a metric funtion. In particular, the posi-
tive 4th root of a 4th order differential form can be taken
as the distance element between two neighboring points,
that is,
ds4 = gµνρσ(x)dx
µdxνdxρdxσ (1)
Now, for the displacement along the connecting curve
γ(s) with tangent yµ = dx
µ
ds
, one can write equation (1)
as
F(4) = gµνρσ(x)y
µyνyρyσ (2)
where F(4) is the homogeneous of fourth order in y
µ’s
From (2), it follows that
F(4) = Gµν(x, y)y
µyν
2where Gµν(x, y) = gµνρσ(x)y
ρyσ is now homogeneous
function of second order in yµ’s, and if it is written as
Gµν(x, y) = gµν(x, y)F(2)(x, y)
where F(2)(x, y) is homogeneous of second order and
gµν(x, y) is a zero order homogeneous function; we have,
then,
F(4)
F(2)
≡ F 2(x, y) = gµν(x, y)yµyν (3)
where F (x, y) is new homogeneous of first order in yµ’s .
In this way we arrive at the fundamental function
F (x, y) respectively Finsler structure. Its dependence on
the position coordinate xµ and to the fibor coordinate
yµ indicates that the geometry of Finsler space is a
geometry on the tangent bundle TM. The positional
dependence of Riemannian geometry is here replaced
by the pair (xµ, yµ), known as element of support, the
fiber coordinates yµ are interpreted as internal variable,
cosmic flow line, velocity of the observer, etc.
The homogeneous function gµν(x, y) obtained as above
is not, in general, the Finsler metric tensor, but it simply
represents a zero order homogeneous tensor for defining
F. In fact, the metric tensor of Finsler space is defined as
gµν(x, y) =
1
2
∂2F 2
∂yµ∂yν
, yµ 6= 0. (4)
and, we can then arrive at the relation (3) for the Finsler
structure F having the property:
F (x, λy) = λF (x, y) ∀ λ > 0 (5)
It should be noted that the distance element ds is given
by
ds = F (x, dx) (6)
Consequently, the distance traversed on the base mani-
fold along a direction Y µ is given by the integral
I =
∫
F (x, y)ds (7)
and geodesic equation for Finsler space can be obtained
by applying the principle of least action on this integral.
It is given by
d2xµ
ds2
+ 2Gµ = 0 (8)
where Gµ, which is called spray coefficient of Finsler
space, is given by [7]
Gµ =
1
4
gµν
(
∂2F 2
∂xλ∂yν
yλ − ∂F
2
∂xν
)
(9)
The geodesic equation (8) ensures that the Finslerian
structure F is constant along the geodesic.
We now introduce two particular Finslerian structures
for the background spacetime of the universe. The first
one is given as
F 2 = ytyt −R2(t)yryr − r2R2(t)F 2(θ, φ, yθ, yφ) (10)
This Finslerian structure are introduced earlier in [8] for
consideration of Finsler gravity and in [9] for quantum
gravity.
Here, F
2
was proposed to be of the form:
F
2
= yθyθ + f(θ, φ)yθyφ (11)
In fact, F is regarded as the Finsler structure of the
two dimensional Finsler space. The metric tensor for
the Finsler space (11) are given by
gij = diag
(
1, f(θ, φ)
)
and gij = diag
(
1,
1
f(θ, φ)
)
(12)
For F , the geodesic spray coefficients are
G2 = −1
4
∂f
∂θ
yφyφ
G3 =
1
4f
(
2
∂f
∂θ
yθyφ +
∂f
∂φ
yφyφ
)
(13)
or consideration of gravity, we require a geometrical
quantity which is the Ricci scalar.In Finsler geometry
there is a geometrically invariant Ricci scalar. This is
given by [7]
Ric ≡ Rµν =
1
F 2
(
2
∂Gµ
∂xµ
− yλ ∂
2Gµ
∂xλ∂yµ
+ 2Gλ
∂2Gµ
∂yλ∂yµ
− ∂G
µ
∂yλ
∂Gλ
∂yµ
)
(14)
where
Rµν = R
µ
λνρy
λyρ/F 2 (15)
It is to be noted that although Rµλνρ depends on
connections, Rµν does not. Consequently, Ricci scalar
depends only on the Finsler structure F and is insensi-
tive to connections, such as Chern connection, Cartar
connection etc. In fact, in Finsler gravity the vacuum
field equation is given by Ric = 0.
Now, if the function f is independent of φ, that is,
f(θ, φ) = f(θ), we can have Ricci scalar Ric for the
Finsler structure F , can be found to be
Ric = − 1
2f
d2f
dθ2
+
1
4f2
(
df
dθ
)2
(16)
For the constant flag curvature, that is, for Ric = λ ,
where λ is a constant, we have the following equation for
specification of the function f(θ):
− 1
2f
d2f
dθ2
+
1
4f2
(
df
dθ
)2
= λ (17)
3Of course, for more general case λ can be taken as a
function of θ. For constant λ, one can find the Finsler
structure F to be as follows:
F
2
=


yθyθ +A sin2(
√
λθ)yφyφ, if λ > 0,
yθyθ +Aθ2yφyφ, if λ = 0,
yθyθ +A sinh2(
√
λθ)yφyφ, if λ < 0.
(18)
The constant A may be taken as unity without any
loss of generality.
Thus, we have the following form of F 2:
F 2 = α2 + r2R2(t)χ(θ)yφyφ (19)
where
χ(θ) = sin2 θ − sin2(
√
λθ) forλ > 0 (20)
and α is a Riemannaian metric, which is given by
α2 = ytyt −R2yryr − r2R2(t)(yθyθ + sin2 θyφyφ) (21)
For the other cases, that is, for λ = 0 and λ < 0 we can
have similar forms for F 2.
Now, we proceed to introduce the second Finslerian
structure for the background spacetime of the universe,
by assuming gµνρσ(x) of equation (2) to be of the form:
gµνρσ(x) = gµν(x)gρσ(x) (22)
For this case we can have
F(4) =
(
θ(y2)gµν(x)y
µyν
)2
(23)
where y2 = gµν(x)y
µyν and θ(x) is a step function given
as
θ(x) = 1 for x ≥ 0
= −1 for x < 0 (24)
From (23), it follows that
F(4) = gµν(x, y)F2(x, y)y
µyν =
(
θ(y2)gµν(x)y
µyν
)2
.
If
F2(x, y) = gµν(x, y)y
µyν
it follows that
F 2 =
F(4)
F(2)
= θ(y2)gµν(x)y
µyν (25)
For the case
gµν(x) = ηµνg(x
0) with ηµν = diag(1,−1,−1,−1),
we have
F 2 = θ(y2)g(x0)ηµνy
µyν (26)
This Finslerian structure was considered in [10,11] as
the space of hadronic matter extension where its impor-
tant was related for generation of internal symmetry of
hadrons. With a pure-time transformation given as
√
g(x0)dx0 = dT, or, dx0 =
dT
R(T )
(27)
with R(T ) ≡
√
g(x0) =
√
g(t), t = x0 in natural unit.
Here,
yi changes to νi(i = 1, 2, 3), ν0 =
√
g(t)y0 (28)
F 2 now becomes
F 2 = θ(ν2)
(
ν0ν0 −R2(τ)(ν1ν1 + ν2ν2 + ν3ν3)
)
where ν2 = ν0ν0 −R2(τ)(ν1ν1 + ν2ν2 + ν3ν3) (29)
This Finslerian structure corresponds to spatially flat
FRW background metric of the universe. It should be
noted that from (22) we can also arrive at the spatially
flat FRW indefinite metric instead of the present definite
metric (29).
For the Finslerian structure given by the fundamental
function F in tensors gµν(x, y) and gµν(x, ν) respectively,
are given by
gµν(x, y) = θ(y
2)g(x0)ηµν and,
gµν(x, ν) = θ(y
2).diag
(
1,−R2(τ),−R2(τ),−R2(τ)
)
(30)
But these tensors are not the metric tensors of the cor-
responding Finsler spaces. The Finslerian metric ten-
sors can be found by using defining formula (4). It is
an interesting fact that for the above Finsler structure
(26) and (29), it was shown in [12] that the spray co-
efficients Gµ and the Christoffel symbols of the second
kind, γijk as calculated from the tensor (30) are the same
with the respective quantities as calculated from the cor-
responding Finslerian metric tensors. Consequently the
gravitational field equations can be obtained from these
quantities, that is, from Gµ and γijk thus constructed.
3. GRAVITATIONAL FIELD EQUATIONS FOR
MINI-SUPER SPACES BASED ON FINSLER
SPACES
We shall first consider minisuperspace for spatially flat
FLRW spacetime of scale factor a with Finslerian per-
turbation as given in (10) or in (19) with R(t) = a(t).
This Finsler space is, in fact, a (α, β)-Finsler space [8].
There the modified gravitational field equations have
been found with the general energy-momentum tensor
for matter distribution, given by
T µν = (pt + ρ)u
µuν − ptgµν + (pr − pt) ηµην (31)
4where uµuµ = −ηµηµ = 1 ; pr , pt being respectively the
radial and transverse pressures for the anisotropic fluid.
These are
8piFGρ =
3a˙2
a2
+
λ− 1
r2a2
(32)
8piFGpr = −2a¨
a
− a˙
2
a2
− λ− 1
r2a2
(33)
8piFGpt = −2a¨
a
− a˙
2
a2
(34)
[ Since the volume of Riemannian geometry may not be
equal to that of Finsler space, so, it is anodyne to mark
4piF for assigning the volume of F in the field equation.
]
As in [8] we consider the barotropic equation of state
p = ωρ (35)
Where the pressure p is composed from the pressure com-
ponents pr, pt and an anisotropic presure due to the
anisotropic force r3Fa. With the anisotropic force
Fa =
2(pt − pr)
r
, (36)
the pressure P is given as
P = (1 + ω)pt − ωpr −m2 r
3
2
Fa (37)
Where m is a constant having dimension of mass. With
this constant m, the dimension of the third term in
R.H.S. of (37) becomes that of a pressure.
With the equation of state (35),we have, from equa-
tions(32), (33) and (34) the following equation for the
scale factor :
a¨+
1 + 3ω
2
a˙2
a
− m
2(λ− 1)
2a
= 0 (38)
Presently, we shall consider case of cosmic strings for
which ω = − 13 , and the above equation becomes
a¨− m
2(λ− 1)
2a
= 0 (39)
The classical Lagrangian can be constructed so that form
classical action the equation can be removed. The La-
grangean is
L =
1
2
a¨2 +
1
2
(λ− 1)m2 ln(a) (40)
The classical momentum pi is given by
pi =
∂L
∂a˙
= a˙ (41)
Consequently, the classical Hamiltonian H reads
H = pia˙− L = 1
2
pi2 − 1
2
(λ− 1)m2 ln a (42)
Now we shall consider minisuperspace for the Finsler
spacetime as given in (26). This spacetime has shown
above to become a spatially flat FLRW Finslerian space-
time with scale factor R(t).
It was pointed out there that the spray coefficients Gµ
and the Vhristoffel symbols γijk can be calculated from
the metric tensor (30) instead of the Finsler metric ten-
sor. These are given by
Gl =
1
2
γljky
jyk (43)
where
γljk =
1
2
g′(x0)
g(x0)
{δljδ0k + δlkδ0j − ηl0ηjk} (44)
Thus we have
Gl =
1
4
g′(x0)
g(x0)
{
2yly0 − ηl0y2} (45)
Here,
y2 = ηjky
jyk (46)
Consequently,
G0 =
1
4
g′(x0)
g(x0)
{
(y0)2 + (y1)2 + (y2)2 + (y3)2
}
Gi =
1
2
g′(x0)
g(x0)
yiy0, i = 1, 2, 3 (47)
The ricci scalar can be obtained from these spray coeffi-
cients (47) by using (14). It is given by
F 2Ric =
1
2
3∑
i=1
(yi)2
{
d
dx0
(
g′
g
)
+
(
g′
g
)2}
−3
2
(y0)2
d
dx0
(
g′
g
)
(48)
As in [7] we shall follow the notion of Ricci tensor in
Finsler geometry that was first introduced by Akbar-
Zadeh [13], and construct the field equation in Finsler
space following Li Xin, et.al.[14]. There, Ricci tensor is
constructed from the Ricci scalar, Ric, which is insensi-
tive to connections. It is given by
Ricµν =
∂2
(
1
2F
2Ric
)
∂yµ∂yν
(49)
Also, the scalar curvature in Finsler geometry is given as
S = gµνRicµν (50)
5For the present Finsler space we have these quantities as
Ric00 = −3
2
d
dx0
(
g′
g
)
Ricii =
1
2
{
d
dx0
(
g′
g
)
+
(
g′
g
)2}
i = 1, 2, 3(51)
and
S = −3 θ(y
2)
g(x0)
{
d
dx0
(
g′
g
)
+
1
2
(
g′
g
)2}
(52)
The modified Einstein tensor in Finsler spacetime
Gµν = Ricµν − 1
2
gµνS (53)
yields
G00 =
3
4
(
g′
g
)2
Gii = −
{
d
dx0
(
g′
g
)
+
1
4
(
g′
g
)2}
, i = 1, 2, 3 (54)
By writing g(x0) = R2(x0), we have
G00 = 3
(
R′
R
)2
Gii = −
[
2
d
dx0
(
R′
R
)
+
(
R′
R
)2]
, i = 1, 2, 3 (55)
With the energy momentum tensor Tµν = diag(ρ, p, p, p)
and the barotropic equation of state we can have the
following equation for R(x0) :
2
d
dx0
(
R′
R
)
+
(
R′
R
)2
(3ω + 1) = 0 (56)
With the pure-time transformation (27), this equation
become
a¨+
1 + 3ω
2
a˙2
a
= 0 (57)
for the scale factor a(t) of the spatially flat FRW
background Finslerian spacetime as given in (29), where
R = a. It is interesting to note that we can arrive ar
the same equation (57) by by considering Einstein field
equations for the spatially flat FRW indefinite spacetime
(Riemannian) with the same energy-momentum tensor
and barotropic equation of state.
Also, it is pointed out here that the Ricci tensor Ricµν ,
as in (19), was calculated from F 2Ric which is given by
F 2Ric = F 2Rµµ = R
µ
λµρy
λyρ (58)
If Rµλµρ’s are independent of y
µ’s , then we have
Ricλρ =
1
2
∂2(F 2Ric)
∂yλ∂yρ
=
1
2
∂2(Rµλµρy
λyρ)
∂yλ∂yρ
= Rµλµρ = Rλρ (59)
Consequently, the usual Einstein field equations hold
good and these are identical with the modified Einstein
field equations of Finsler spacetime . This is case for
the present equations in (32)-(34). Now the classical La-
grangian for the equation (57) is
L =
1
2
a(1+3ω)a˙2 (60)
In fact from classical action with this Lagrangian the
equation (57) can be obtained . The classical momentum
is
Π =
∂L
∂a˙
= a(1+3ω)a˙2 (61)
Consequently , the classical Hamiltonian H is given by
H = Πa˙− L = 1
2
a(1+3ω)a˙2 =
1
2
a−(1+3ω)Π2 (62)
4. CONSTRAINT EQUATION AND
WHEELER-DEWITT EQUATIONS
We shall follow time-reparametrization method [4] to
arrive at the constraint equation from which WDW equa-
tions can be obtained . For the background Finsler space-
times of universe , we have the equations for the scale
factor a(t) and the corresponding Lagrangians L(da
dt
, a) .
We now introduce a new dynamical variable T instead of
t and time τ for time-reparametrization . Now T = T (c)
and we define a new dynamical Lagrangian L′ as
L′ ≡ L′(T˙ , T, a˙, a) = T˙L( a˙
T˙
, a) (63)
Here ”.” represents d
dτ
. The action S is given by
S =
∫
Ldt ≡
∫
LdT =
∫
dτT˙L =
∫
dτL′ (64)
The momentum
pT =
∂L′
∂T˙
= L(
a˙
T˙
, a) + T˙
∂L
∂T˙
(65)
Now,
∂L
∂T˙
=
∂L
∂a′
∂a′
∂T˙
where a′ = da
dT
= a˙
T˙
. Therefore,
∂L
∂T˙
T˙ = T˙ (− a˙
T˙ 2
)
∂L
∂a′
= − a˙
T˙
∂L
∂a′
= −a′Πa (66)
6where Πa is momentum conjugate to a since L(
a˙
T˙
, a) ≡
L(a′, a) . Consequently , the Hamiltonian associated
with L(a′, a) is given by
H = a′Πa − L(a′, a) (67)
By using (65) , (66) and (73) , we have
pT = L(a
′, a)− a′Πa = −H(Πa, a)
Thus we arrive at the constraint equation
pT +H(Πa, a) = 0 (68)
On quantization we can have the WDW equation as
i
∂ψ
∂T
+ Hˆ(Πˆa, a)ψ = 0 (69)
where Hˆ is now the Hamiltonian operator and Πˆa =
−i ∂
∂a
is the momentum operator. It is to be noted that
in Dirac’s method [5] the constraint equation is regarded
as an operator equation on the wave functions to obtain
the WDW equation (69) . It is wellknown that the con-
straint H = 0 gives rise to the WDW equation which
is
Hˆψ = 0 (70)
But we know that the classical dynamics remains un-
changed by an addition of a constant to the original
Lagrangian , that is , by changing Lagrangian L to
L(a′, a) + E where E is a constant . This leads to the
classical Hamiltonian H changing to H(Πa, a)−E . Con-
sequently the constraint becomes H − E = 0 , and the
WDW equation reads as
(Hˆ − E)ψ = 0 (71)
Interestingly , the constraint obtained from
reparametrization leads to the Schro¨dinger equation
(WDW equation) (69) and if we put ψ(T, a) = φ(a)eiET
, we have from (69) the following equation for ψ :
Hˆ(Πˆ, a)ψ = Eψ
which is the same as the equation (71) obtained from
the usual constraint equation . Further , we note that
the original ψ in WDW equation (71) is independent of
time , where as the wave function (of the universe) ψ as
obtained from the constraint due to reparametrization
invariance or by Dirac method , is independent on the
parameter T which is interpreted as the time . Introduc-
tion of time in the wave function may also be compared
with an approach by Unruh in which WDW equation are
found to be
i
∂ψ
∂τ
= NHψ (72)
where ψ is a function of arbitrary τ and an unknown
(unmeasarable) N . Of course , we can take N = −1 and
τ as the coordinate time .
5. WAVE EQUATIONS OF FUNDAMENTAL
PARTICLES
For the two cases , we have to classical Hamiltonians
given in (42) and (62). On quantization , we can have
the respective Hamiltonian operators as follows :
Hˆ = −1
2
∂2
∂a2
− 1
2
(λ− 1)m2 ln a (73)
and Hˆ = −1
2
a−(1+3ω)
∂2
∂a2
(74)
Therefore , for these two cases we have WDW equations
as follows :
i
∂ψ
∂t
=
1
2
∂2ψ
∂a2
+
1
2
(λ − 1)m2 ln a (75)
and i
∂ψ
∂t
=
1
2
a−(1+3ω)
∂2ψ
∂a2
(76)
For ω = − 13 (cosmic string) , the WDW equation (76)
becomes
i
∂ψ
∂t
=
1
2
∂2ψ
∂a2
(77)
For λ = 1 ,the equations (75) and (77) are the same.In
fact this case corresponds to the FRW (Riemannian)
spacetime without any Finslerian perturbation. There-
fore we shall first consider the WDW equation (77) of
the wave function of the universe in order to convert it
into the Schro¨dinger equation for the wave function of
a particle in the universe we live in. Here the parti-
cles(subatomic) are consider as the tiny universes within
much bigger universe like ours.As in Namsrai [15] and
also in De [10, 11] ,we regard the coordinate system of
the tiny universe is governed by (H,ψ) as described above
.On the other hand the local coordinates of the outer uni-
verse , xˆµ are related to τµ as
xˆi = xi + τi , i = 1, 2, 3
xˆ0 = x0 + τ0 = bx0 (78)
where xi(i = 1, 2, 3) represents the spatial coordinates of
the origin of the internal coordinate system with respect
to the local coordinate frame of the outer universe . Here
x0 is the internal universe by scaling with a parameter b
which will be specified later . Now we quantize τ i accord-
ing to Namsrai [15] , De [10, 11] and De and Rahaman
[12] .In fact we take
τi = il
√
θy2θγi(x) , i = 1, 2, 3 (79)
where γi(x)
,s are the Dirac matrices for the internal
spacetime of the tiny universe , and they are related
to the flat space Dirac matrices γi through the vierbein
V αµ (x) . In fact the relation is
γµ(x) = V
α
µ (x)γα (80)
7The flat space Dirac matrices satisfy the following anti-
commutation relation :
γαγβ+γβγα = 2ηαβ , where ηαβ = diag(1,−1,−1,−1)
(81)
In (79) , l represent a characteristic length . Also the
vierbein V αµ (x)
,s are given by
V αi (x) =
√
θ(y2)a(t)δαi (i = 1, 2, 3)
V iα(x) =
1√
θ(y2)a(t)
δiα (82)
where θ(y2) are given in (29). Then using (79) , (80) and
(82) , we have from (78) the following relations
xˆi = xi + iθ(y
2)la(t)γi , i = 1, 2, 3
xˆ0 = bx (83)
Now it is easy to have the relation
∂2
∂a2
= −l2
∑
γiγj
∂2
∂xˆi∂xˆj
= l2
∑ ∂2
∂xˆ2i
(i = 1, 2, 3)
(84)
by using the anticommutation relation (81) Also,
∂
∂t
= b
∂
∂xˆ0
(85)
Consequently , we have from equation (77),
it
∂ψ
∂xˆ0
=
1
2
l2
∑ ∂2ψ
∂xˆ2i
(i = 1, 2, 3) (86)
ψ(a, t) is now a function xˆi(i = 1, 2, 3) and xˆ0 , that is
ψ(a, t) ≡ ψ(xˆµ) (87)
Since it follows from (83) that
la =
1√
3
√∑
(xˆi − xi)2 (i = 1, 2, 3) (88)
Now we specify the parameter b to be equal to l and
the characteristic length l= 1
m
where m is the mass of the
particle . Then we arrive at the Schro¨dinger equation for
the wave function of the particle with mass m as
i
∂ψ
∂xˆ0
=
1
2m
∇2ψ (89)
where ∇2 ≡
∑ ∂2
∂xˆ2i
For WDW equation (75) , we quantize the internal coor-
dinates τµ as τi = ila(t)γi , (i=1,2,3) and consequently
the relation between the local coordinates of the outer
universe and τµ becomes
xˆi = xi + ila(t)γi , i = 1, 2, 3
xˆ0 = lx0 (90)
Proceeding as before we can arrive at the following equa-
tion
il
∂ψ
∂xˆ0
=
1
2
l2
∑ ∂2ψ
∂xˆ2i
+
1
2
(λ−1)m2 ln a (i = 1, 2, 3) (91)
Hence,
ψ(a, t) ≡ ψ(xˆµ)
and a =
1
l
√
3
√∑
(xˆi − xi)2 (i = 1, 2, 3) (92)
We take m = mp = 1 (in planck unit) and , l =
1
m¯
where m¯ is mass of the particle and mp is the planck
mass . Then the equation (91) becomes the Schro¨dinger
equation for the particle of mass m¯ :
i
∂ψ
∂xˆ0
=
1
2m¯
∇2ψ+m¯
2
(λ−1) ln{ 1
l
√
3
√∑
(xˆi − xi)2} (i = 1, 2, 3)
(93)
The second term in the R.H.S. of (??) may be inter-
preted as the self interaction potentil arising out from
the Finslerian perturbation of the minisuperspace for
spatially flat FLRW universe . In fact this term vanishes
for λ = 1 , which is case of minisuperspace based on
Riemannian spacetime , the FLRW universe of scale
factor a .
6. DISCUSSION AND CONCLUSION
In this work, we have investigated minisuperspces as
Finslerian perturbation of FLRW quantum cosmological
models as well as Finslerian spacetime corresponding to
spatially flat FRW background spacetime of the universe,
with a single gravitational degree of freedom, the scale
factor of the universe, for both the cases. For these two
cases, the classical Hamiltonians have been found and,
from the constraint equation we have obtained WDW
equations after quantization . We, then, regarded these
quantum universes to be the subatomic particles, the
quantum particles (elementary particles) in the universe
we live in. Actually, the WDW equations for the wave
function of the universe have been converted into the
Schro¨dinger equations for the wave functions of the par-
ticles, the microuniverses. The extreme smallness of the
tiny universes considered as subatomic particles is, here,
characterized by the lengths whose inverses actually rep-
resent the masses of the particles. Thus, the present ap-
proach can be considered as a first step towards quantum
gravity and, also to the simultaneous emergence of both
the gravity and quantum mechanics, that has been pre-
viously advocated in an article by De and Rahaman [16].
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